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Abstract — For any integer a > 0 , the famous Smarandache 
function S (a) is defined as the smallest positive integer k 

such that £?| k\ . That is S(ci) = min \k\ke N,a|fcl}, where 

N denotes the set of all positive integers. The main purpose of 
this paper is using the elementary method to study the lower 
bound of the Smarandache function S^a) , and get that if 

77>10 3 , then S(n\±l)/n > [log ft/log log «] , where 

[ log Tt/log log 77 ] is the integral part of log 77/log log Yl . 

Keywords-Smarandache function;shifted factorial; lower 
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I. Introduction 



Let Z be the set of all integers, N be the set of all positive 
integers. For any positive integer a , the Smarandache 

function S ( a ] is defined as the smallest integer k > 0 such 
that a\k\ .That is 

S(a) = min j£| ke N,a\k\^ . (1) 



For any positive integer 7? ,the shifted factorial is 
defined as the positive integer 77 !+ 1 . About these two 
sequences, some authors had studied them, and obtained 
many interesting results. For example, recently, in [1] , 
J.Sandor and F.Luca had studied the properties of 

5 1 («!+!)/« by the prime divisors results involving the 



shifted factorial in [2]and prove that 

SfwM-l) 

limsup — > 5.5 . 



( 2 ) 



By abc-conjecture supposing results first proposed by 
M.Murthy and S.Wong in[3] , they also proved that if abc- 
conjecture is correct, then 

. *S'(n!+l) _ 



liminf - 



( 3 ) 



where the famous abc-conjecture was proposed by 
J.Oesterle[4] and D.W.Masser [5]: Let a , b and C are 
coprime positive integers satisfying a + b = C ,for any 



positive number £ , the I'Cld (ahcj of distinct prime 
divisors of abc satisfy c < C(^£^{rad{abc)^ , where 



C(c)is a computable constant involving £ .It is a difficult 



and unsolved problem for ours today(see problem B19 in 

[6]) • 

The main purpose of this paper is using the elementary 
methods to study the distribution properties of 

S(n\+\^/n , and give a general result for it under no 



conditions. That is ,we shall prove the following conclusion: 
Theorem Let n be any positive integer satisfying 



n > 1 0 3 ,then we have the inequality 



S("!±1U 

n 



log 77 
log log 77 



(4) 



where [„v] denotes the greatest integer less than or equal 



toX . 

From this Theorem we may immediately deduce the 
following corollary: 

Corollary 1 



lim 



5’(t7!±1) 



( 5 ) 



It is clear that corollaryl not only improves the result 
(2), but also proves the result (3) under no conditions. 

In addition, using the above Theorem, we can give the 
lower bound for prime divisors of the shifted factorial. Let 

p is the largest prime divisors of 771+1 ,P. Erdos and 



C.L. Stewart [7] proved :There exist infinite positive integers 
such that p n > 2n .Lately, [2]obtained the following deeply 



result:For any positive number £ ,the positive integer 72 
satisfying the inequality p n > (5.5 — £’)t? have the positive 



density rate. On the other hand, [3] proved: Suppose that 
abc-conjecture is true, we can get 



liminf — = °° . 

77 

From the Theorem, we may also derive: 

Corollary 2 Let 77 be any positive integer satisfying 
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n > 1 0 3 ,then there must exist a prime divisor p of the 
shifted shifted factorial n !+ 1 such that 

log n 



pr 



> 



( 6 ) 



log log n 

where r denotes the frequency of p in the prime power 
factorization for n !+ 1 . 

II. Four Lemmas 

From the properties of the Smarandache function S ( £/ ] 
in [8], we can give easyly the following two lemmas: 

Lemma 1 Let a = p\' ■ ■ • p‘ k be the factorization of 
a into prime powers, then 

s {a) = max {5 ( p? ), • • -,S (p r k k )} . 

Lemma 2 For any prime p and positive integer r , we 
have the inequality 

p < S iyp ’ ) < pr . 

Lemma 3 Let X t ,X 2 ,- ■ -,X k (k > l) be arbitrary real 
, n k be positive integers, then 
(Xj + x 2 H \-x k ) 



numbers and m,n x ,n 2 . 



Z 



m 



\M\ > ^2’ 



ixf'x" 2 



•X. 



k ’ 



l kJ 



where ^ denotes the summation over all the sollutions 
( n t , n 2 , ■ ■ ■ , n k ) for the equation 



and 



m 



n { +n 2 -\ 1 -n k —m 

\ 



ml 



n x \n 2 \---n k \ 



are the positive integers. 



\n v n 2 ,---,n k j 

Proof see [9], 

Lemma 4 Let X and y be the positive numbers 
satisfying 

\* +i ^ y 



( X + ir >± 

e 

then for y > 1 0 3 ,we have the inequality 



x + 1 > - 



log y 



log log 7 



(7) 



( 8 ) 



Proof Ifx + 1 < ■ 



log y 



log log 7 



,then from (7), we can deduce 



that 



logy 
log log y 



(log log y — log log log y) 



>logj — 1. (9) 

Moreover, since log log y >0 for y > 1 0 . hence from (9) 
we know that 

log log 7 > ( log y) ( log log log y ) . 

Let z = log log y ,then from( l 0) we find that 

z 1 

< — 

e 



log log y _ z 
log y 



Z + ' 



It follows from (10) and (1 1 ) that 



l+ z / 



( 10 ) 



(ID 



r 



i> 



( 12 ) 



V 1+ 2j l0gZ ' 

On the other hand, it is clear that 

z > 1.93 , logz > 0.65 

beause of y > 10 3 ,then we obtainl > 1.27 from (12). This 
is a contradiction.Since Lemma 4 is correct. 

This completes the proof of Lemma 4. 

III. Proof of the Theorem 
In this section, we use above Lemmas to complete the 
proof of Theorem. Let m = 5 ( /? !i 1 ) . We know that 

m\ = (/7 !+ 1) £7, aeN (13) 

according to (1). We immediately get m > n from (13). 
Suppose that q = [ m / n\ ,then q is a positive integer and we 
can write 

m = nq + s,seZ,0<s<n. (14) 

Let 

b = , 

then from Lemma 3, (14) and (15), we deduce that 
ml ml 
~b~ 



m 

ys,n,---,nj 



(15) 



(16) 



s\n\-n\ 

and m \/b is a positive integer. Meanwhile, suppose that 
x l = x 2 = ■■■ = x k and k = q + 1, 
then according to (14), (16) and Lemma 3, we obtain 
ml , 

— <(<7 + 1 ■ (17) 

b 

Moreover, since S <n by (14), hence gcd(6,«!+l) = lby 
(15). We further deduce from (13) that 



— = («!± 1 )->«!± 1 . 
b b 



(18) 



Combining (17) and (18), we may immediately obtain the 
inequality 

(q + !)”>«!. (19) 
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According to n\> (n/ e) from Stirling formula, we have 



/ t \m n 

(<7+l) > - 



from ( 19). Because m < n(q + 1) from (14), so we get 

(<?+i r>- 



q + 1 > 



by (20). When t? > 10 3 , using Lemma4,we infer by(21) that 
t log n 

q + 1 > . ( 22 ) 

log log n 

Since q e N , hence from (22) 

, log n 

q + 1> 5 . (23) 

log log n _ 

Finally, according to m > nq by (14), we obtain (4) by (23). 
This completes the proof of Theorem. 

Now we prove Corollary 2. Let 

n\±\ = p[ l (24) 

be the factorization of n !+ 1 into prime powers and 

S(// ) = maxjsf;?; 1 ), • ■ -,S(p ^ )} , 

then from Lemma 1 ,we may give equation 

5(»!±1) = 5'(^). (25) 



Meanwhile S i^p' ^ < pr by Lemma 2, thus , by (25) we 
know that 

S(n\±\)<pr. (26) 

Combining (4) and(26),we may immediately obtain (6). 
Thus, the Corollary 2 is proved. 
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